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Abstract 

Amitsur's formula, which expresses det(j4 + B) as a polynomial in coeffi- 
cients of the characteristic polynomial of a matrix, is generalized for partial 
linearizations of the pfaffian of block matrices. As applications, in upcoming 
papers we determine generators for the S'0(n)-invariants of several matrices 
and relations for the 0(n)-invariants of several matrices over a field of arbi- 
trary characteristic. 

2000 Mathematics Subject Classification: 15A15. 
Key words: pfaffian, partial linearizations. 

1 Introduction 

Throughout, K is an infinite field of arbitrary characteristic. All vector spaces, 
algebras, and modules are over K unless otherwise stated. 

A block partial linearization of the pfaffian (b.p.l.p.) is a partial linearization of 
the pfaffian of block matrices. The concept of b.p.l.p. is important for the invariant 
theory. Examples of b.p.l.p. include the function DP, of three matrices, used to 
describe generators for semi-invariants of mixed representations of quivers (see [3]), 
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the matrix function at^s, which describes relations between generators for the in- 
variants of mixed representations of quivers (see [9]), and a partial linearization of 
the determinant of block matrices as well as the determinant itself (see part 2 of 
Example [2] for details) . 

Denote coefficients in the characteristic polynomial of an n x n matrix X by 
(Tk{X), i.e., 

det{XE - X) = A" - ai(X)A"-^ + ■ • ■ + (-1)V„(X). 

Recall that Amitsur's formula from [T] expresses ak{A + B) as a polynomial in crj(a), 
where 1 < i < k and a is a monomial in A and B (see Corollary [H] for an explicit 
formulation). The main result of this paper is the decomposition formula that 
generalizes Amitsur's formula for a b.p.l.p. and that links a b.p.l.p. with coefficients 
in the characteristic polynomial of a matrix. This answers the question formulated 
at the end of Section 4 in [10] as a key consideration for the following problem. 

Let Kn^d = K[xij{r) \ l<i,j<n, l<r<d]hea: polynomial ii'-algebra and 
let Xr = {xij{r))i<ij<n be an n X matrix. Note that the subalgebra generated by 
ak{Xj.^ ■ ■ ■ XrJ for 1 < k < n and 1 < ri, . . . , < d is the algebra of invariants 
of several n x n matrices (see |2]), and the subalgebra generated by (Jk{Zr^ ■ ■ ■ ZrJ, 
where Zr is X^ or its transpose X* and ri, . . . , are in the same range, is the algebra 
of 0(r;,)-invariants of several matrices (see [S]). Amitsur's formula plays a crucial role 
for the description of relations between ak{Xr-^ ■ ■ ■ X^J in |7j. The decomposition 
formula plays the same role for the elements (Jk{Zr^ ■ ■ ■ ZrJ as it was pointed out 
in [To] . As a consequence of the decomposition formula we will describe relations for 
the 0(n)-invariants when the characteristic of K is different from 2 in the upcoming 
paper [5j. 

The decomposition formula will be also used to obtain generators for the SO{n)- 
invariants of several matrices when the characteristic of K is different from 2 (see [1]). 
Hence we will complete description of generators for the invariants of several matri- 
ces, that was originated by Procesi in 1976 (see [6]). Moreover, generators for the 
invariants under the action of a product of classical groups on the space of (mixed) 
representations of a quiver will be also established in [4j. 

An immediate consequence of the decomposition formula is Corollary [12] which 
states that the product of two pfaffians is a polynomial in ak- 

The paper is organized as follows. 

Section [2] contains general notation. 

Section [3] starts with basic definitions of the pfaffian and a b.p.l.p. The key notion 
of a tableau with substitution is introduced in order to provide a more convenient 
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language for dealing with b.p.l.p.-s (see Lemma [T]). All results are formulated using 
the notion of a tableau with substitution. Section[3]terminates with the short version 
of the decomposition formula (see Theorem [2]). 

The decomposition formula (Theorem [3]) and all necessary definitions are stated 
in Section m 

The proof of the formula spans the next three sections. 

Some applications of the decomposition formula are presented in Section [SI 

2 Preliminaries 

In what follows, all matrices have entries in some commutative unitary algebra over 
the field K. Denote the set of non-negative integers by N, the set of integers by Z, 
and by Q the quotient field of the ring Z. 

Introduce the lexicographical order < on N x N by (ai, 6i) < (02, 62) if and only 
if ai < a2 or ai = a2 and 61 < 62- Denote the composition of functions / and g by 
/ o gix) = f{g{x)) or just by fg{x). 

The cardinality of a set S is denoted by jj^S and S\a^b denotes the result of 
substitution of h for a in S". A finite sequence ai, . . . , a,, is denoted by (ai, . . . , a^) 
or just by ai ■ ■ ■ a^. In the latter case, oi ■ ■ ■ is called a word in letters 
Denote the degree of a word w in a letter a by deg^ w. Similarly to the cardinality of a 
set, we denote the length of a sequence A = (Ai, . . . , Ap) by #A = p. We use notation 
{. . .}m for multisets, i.e., given an equivalence = on a set 5" and ai, . . . , a^, 61, . . . , 6^ G 
5*, we write {ai, . . . , a^jm = {&i, • • • , hq}m if and only ii p = q and 

#{1 <3<P\aj = ai] = #{1 <j<p\bj = a^} 

for any 1 < i < p. For integers i < j denote the interval i,i + 1, . . . , j — 1, j hj [i, j]. 

Denote by idn the identity permutation of the group Sn of permutations on n 
elements. Given i ^ j, is the transposition interchanging i and j. 

An element m of a free monoid is called primitive if u 7^ uq- ■ - uq, where the 
number of factors is more than 1. 

A vector A = (Ai, . . . , A/) G satisfying Ai > ■ ■ ■ > A/ and Ai + ■ ■ ■ + A/ = t is 
called a partition of t and is denoted by A h t. A multi-partition A h t is a g-tuple 
of partitions A = {Xi, . . . , A^), where Aj \- ti, t = (ti, . . . , tg) G N"^. 

3 Definitions 

Let us recall definitions of the pfaffian and its partial linearizations. 
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If n is even, then the pfafRan of an n x n skew-symmetric matrix X — (xij) is 

n/2 

Pf(^) = Xl^Sn(7r)]^a;^(2i-i),,r(2i), 

i=l 

where the sum ranges over permutations tt & Sn satisfying 7r(l) < 7r(3) < • • • < 
7r{n — 1) and 7r(2i — 1) < 7r(2i) for all 1 < i < n/2. Define the generalized pfaffian 
of an arbitrary n x n matrix X — (x^) by 

^(X)=pf(X-X*). 

By abuse of notation we will refer to pf as the pfaffian. For K — Q there is a more 
convenient formula 

^ n/2 
= pi{X - X') = — — - J2 Sgn(7r) JJx^(2i-l),;r(2i)- (1) 

Note that for an n x n skew-symmetric matrix X — (xjj) we have 

^{X) = 2"/2pf(x). 

For n X n matrices Xi = (xjj(l)), . . . , = (xjj(s)) and positive integers 
ki, . . . , ks, satisfying ki+- ■ ■+ks = n/2, consider the polynomial pf (a;iXi + - ■ ■+XsXs) 
in the variables xi, . . . ,Xs- The partial linearization pf^^ (^i, . . . , Xg) of the pfaf- 
fian is the coefficient of • • • x^^ in this polynomial. In other words, for X = Q we 
have 

^ s fciH hkj 

Pffei,...,fe.(^i> ■■■^^s)^-Yl ^Sn(7r) n n M-^i-i)M^i)U), (2) 

neSn j=l i=ki-\ bkj-i+1 

where c — ki\--- /cg!. The partial linearization detfej,...,fe^(Xi, . . . , Xg) of the determi- 
nant is defined analogously, where Xi, . . . ,Xs are n x n matrices, ki + ■ ■ ■ + kg — n, 
and n is arbitrary. 

Now we can give the definition of a b.p.l.p. 

Fix n — (ni, . . . , n^) G N"\ where n — ni+- ■ ■+nm is even. For any 1 < p,q < m 
and an np x ng matrix X denote by X^'^ the n x n matrix, partitioned into m x m 
number of blocks, where the block in the (i, j)-th position is an x nj matrix; the 
block in the (p, g)-th position is equal to X, and the rest of blocks are zero matrices. 
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Let 1 < pi, . . . ,Ps,qi, . . . jQs < m, let Xj be an Up^ x nq. matrix for any 1 < j < s, 
and let ki, . . . ,ks be positive integers, satisfying ki + ■ ■ ■ + ks = n/2. The element 

(3) 

is a partial linearization of the pfaffian of block matrices Xf^''^\ . . . ,Xf^'''^ and it 
is called a block partial linearization of the pfaffian (b.p.l.p.). We consider only 
b.p.l.p.-s, satisfying 

kj + kj = Hi for all 1 < z < m, (4) 

^^j^s,pj=i ^^j^s, qj=i 

since only these elements appear in the invariant theory in the context of Section [H 

Example 1. Let n = (5, 3) and let Xi, X2, X3 be 5 x 3, 5 x 5, and 3x3 matrices 
respectively. Then 

^1,2 _ f X,\ 1,1 _ / X2 \ 2,2 _ f \ 

- [0 - [ )' - [0 X-J 

are 8x8 matrices. The b.p.l.p. / = pfj^ 2 ^2'^? ^3'^) satisfies condition (jl]). 

It is convenient to display the data that determine / as a two-column tableau filled 
with arrows: 



a- 






d 






c 





m 1 2 

The arrow a determines the block matrix X^ ' as follows: a goes from the 1st column 
to the 2nd column and we assign the matrix Xi to a. To determine the block matrix 
X^'^ we take two arrows 6, c that go from the 1st column to the 1st column, since 
the degree of / in entries of X2 is 2. Assign the matrix X2 to b and to c. Finally, 

2 2 

the arrow d determines the block matrix Xg' : d goes from the 2nd column to the 
2nd column and X2 is assigned to it. Condition (jlj) implies that for every column 
the total amount of arrows that start or terminate in the column is equal to the 
length of the column. Note that this conditions do not uniquely determine arrows 
of a tableau. 

Below we formulate the definition of a tableau with substitution that gives alter- 
native way to work with b.p.l.p.-s. Acting in the same way as in Example [H for every 
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b.p.l.p. / given by ([3]) we construct a tableau with substitution (T, (Xi, . . . , Xg)) and 
define the function bpf^ such that / = ±bpf2-(Xi, . . . , Xg). 

Definition (of shapes). A shape of dimension n = [rii, . . . ,nm) G N"* is a collec- 
tion of m columns of cells. The columns are numbered by 1,2, ... ,m, and the i-th 
column contains exactly ni cells, where 1 < i < m. Numbers 1, . . . ,nj are assigned 
to the cells of the i-th column, starting from the top. As an example, the shape of 
dimension n = (3, 2, 3, 1, 1) is 



1 2 3 4 5 



1 


1 


1 


1 


1 


2 


2 


2 






3 




3 







Definition (of a tableau with substitution). Let n = (rii, . . . ,71^) € N"* and 

let n = rii + ■■■ + rim be even. A pair (T, (Xi, . . . ,Xs)) is called a tableau with 
substitution of dimension n if 

• T is a shape of dimension n that is filled with arrows. An arrow goes from one 
cell of the shape into another one, and each cell of the shape is either the head 
or the tail of one and only one arrow. We refer to T as a tableau of dimension 
n, and we write a E T for an arrow a from T. Given an arrow a E T, denote 
by a' and a" the columns containing the head and the tail of a, respectively. 
Similarly, denote by 'a the number assigned to the cell containing the head of 
a, and denote by "a the number assigned to the cell containing the tail of a. 
Schematically this is depicted as 







a 





• (Xi, . . . , Xg) is a sequence of matrices, where the (p, g)-th entry of Xj is {Xj)pq 
(1 < i < s). We assume that an Ua" x Ua' matrix X^(a) is assigned to an arrow 
a E T, where 1 < ip{a) < s, and {(p{a) \ a E T} = [1, s]. Moreover, we assume 
that if a, 6 e T and ip{a) = ip{b), then a' = b' , a" = b" . 

Definition (of bpf j.(Xi, . . . , X^)). Let (T, (Xi, . . . , X^)) be a tableau with substi- 
tution of dimension n. Define 

bpf^(Xi,...,X,) = ^s gn(7ri) ■ ■ ■Sgn(7rm) ]^(X^(a))7r^„("a),7r^,('a), 

agT 
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where the sum ranges over permutations tti G , ■ ■ ■ ,T^m G such that for 
any a,h E T the conditions v'(a) = v'(6) and "a < "h imply that 7Ci{"a) < TXi{"h) 
for i = a" = b". Note that each coefficient in hpfx{Xi, . . . , Xg), considered as a 
polynomial in entries of Xi, . . . ,Xs, is d=l. For K = Q there is a more convenient 
formula 

bpfr(Xi, . . . ,X,) = -bpf° (Xi, . . . ,X,), 
Ct 

where 

and the coefficient ct is equal to 

s 

n#{aGT|^(a)=j}!. 

Lemma 1. 

a) Let f be a b.p.l.p. ^ satisfying 0). Then there is a tableau with substitution 
(T, (Xi, . . . , X,)) such that bpf2.(Xi, ...,X,) = ±f. 

b) For every tableau with substitution (T, (Xi, . . . , Xg)) of dimension n there is a 
b.p.l.p. f satisfying ^ such that bpf2^(Xi, . . . ,Xs) = ±f . 

Proof. a) A tableau with substitution (T, (Xi, . . . ,Xs)) of dimension n is con- 
structed as follows. Its arrows are a^v, where ajr goes from the pj-th to the g^-th 
column for 1 < J < s and 1 < r < kj. Condition (jl]) guarantees that for any 
1 < i < m the total number of arrows that begin or end in the i-th column is rij. 
Complete the construction by setting (p{ajr) = j. Note that (T, (Xi, . . . , X^)) is not 
uniquely determined by /. 

b) Consider CLiy ... 5 CLg G T such that <f{ai) = 1, . . . , ip{as) = s. Then 

bpf^(Xi, . . . ,X,) = ±^f,^_,^{xf'''\. . .,Xf^<), 
where kj = #{a G T | ip{a) = j} for any 1 < j < s. □ 
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Example 2. 1. Let n be even and (T, (Xi, . . . , Xg)) be a tableau with substitution 
of dimension (n), where T is 



In other words, arrows of T are ai, . . . , a„/2, where 'aj = 2z, "ai = 2z — 1, = a" = 1 
for 1 < i < n/2, and Xi, . . . ,Xs are n x n matrices. 

If s = 1, then ([1]) implies bpfj.(Xi) = pf(Xi) for = Q and consequently for 
an arbitrary K. 

If s > 1, then by (El) 

bpf^(Xi, . . . = ^,,_,jXi, . . . ,X,), 

where kj = i^{a G T \ ip{a) = j} for any 1 < j < s, is a partial linearization of the 
pfaffian. 

2. For n X n matrices Xi,...,Xs let (T, (Xi, . . . , X^)) be the tableau with 
substitution of dimension {n,n), where T is 



ai- 













If s = 1, then the formula 

1 

det(X) = — ^ sgn(7ri)sgn(7r2) (6) 

i"l,7r2G5n i=l 

which is valid over Q, implies the equality bpfji(Xi) = det(Xi) over every K. For 
s > 1 the expression bpf j.(Xi, . . . , X^) is a partial linearization of the determinant. 

3. If (T, (Xi, X2)) is a tableau with substitution from part 2, where for 1 < < n 
we have ^^(ai) = ■ ■ ■ = ip{ak) = 1, ip{ak+i) = ■ ■ ■ = ip{an) = 2, Xi = X, and X2 = E 
is the identity n x n matrix, then bpf-p(X, E) = cTfc(X). 

4. Suppose that t,s,r & N, and X, Y, Z, respectively, are matrices of dimensions 
(t + 2s) X {t + 2r), {t + 2s) x (t + 2s), {t + 2r) x {t + 2r), respectively. Let T be a 
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ai- 








at- 

























otherwise define T analogously. Let (T, {X,Y,Z)) be a tableau with substitution, 
where (p{ai) = 1, ip{bj) = 2, and ip{ck) = 3 for 1 < z < t, 1 < j < s, and 1 < k < r. 
Then bpf2-(X, F, Z) = iDP^ ^5 where DP^,. was introduced in Section 3 
ofi. 

The main result of the paper is the following decomposition formula. 
Theorem 2. (Decomposition formula: short version) 

Let (T, {Xi, . . . , Xg)) be a tableau with substitution of dimension n G N™". Let 
1 < qi < q2 ^ TTL, Uq^ = Hq^, and the vector d G N*""^ be obtained from n by 
eliminating the qi-th and the q2-th coordinates. Then bpfj.(Xi, . . . ,Xs) is a polyno- 
mial in bpf£,(Fi, ■ ■ ■ ,Yi) and (Tkih), where 

• {D, (Yi, . . . ,Yi)) ranges over tableaux with substitutions of dimension d such 
that Yi, . . . , Y; are products of matrices Xi, . . . , Xg, X*, . . . , X*; 

• h ranges over products of matrices Xi, . . . , X^, X{, . . . , X*; 

• k ranges over [l,r;,gj. 

Moreover, coefficients of this polynomial belong to the image of Tj in K under the 
natural homomorphism. 

4 Decomposition formula 

Consider a tableau with substitution (T, (Xi, . . . ,Xs)) of dimension n G N™. In 
what follows we assume that riq^ = Uq^ = n for 1 < qi < q2 < m. 
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Denote by A4 the monoid freely generated by letters xi,X2, ■ ■ ■, x\,x\, . . . Fix 
some lexicographical order < on A^. Let M.^ be the submonoid of A^, gener- 
ated by Xi, . . . , Xs, x^, . . . , x\. For short, we will write 1, . . . , s, 1*, . . . , s* instead of 
Xi, . . . , Xs, x^, . . . , X*. Given a G T, we consider ip{a) e {1, . . . , s} as an element of 
Mt- 

For u e M.T define the matrix by the following rules: 
• Xjt = Xj for any 1 < j < s; 



XyX^, if the product of these matrices is well defined 
0, otherwise 
for v,w G M.T- 



For an arrow a E T denote by a* the transpose arrow, i.e., by definition (a*)" = a', 

y = a", "(«*) = 'a, '(a*) = "a, <^(«*) = <^(«)* e Mr- Obviously {aj = a. 

t 

We write a e T if a e T or a* e T. 



Definition (of paths). We say that 01,02 e T are successive in T, if 0^,02 G 

A word o = Oi • • • Or, where Oi, . . . , o^ G T, is called a path in T with respect to 
columns qi and g2, if ^j, Oj+i are successive for any l<i<r — 1. In this case by 
definition ^p{a) = ^p{ai) ■ ■ ■ ip{a,.) G M.t and a* = a* ■ ■ ■ is a path in T; we denote 
a^, 'or, a", "oi, respectively, by a', 'a, a", "a, respectively. Since the columns qi and 
q2 are fixed, we usually refer to o as a path in T. 

A path oi • • • Or is open if both a", oj, ^ {qi, 52}- 

A path oi • • • Or is closed if o^, Oi are successive; in particular, o'/, o^ G {qi, 52}- 

An element a & T with o', o" G {qi, ^2} and 'o = "a is also called a closed path. 
A path is called maximal if it is either open or closed. 



Example 3. Let 



qi 92 





a- 


c 






d- 



a- 










c 



be fragments of two tableaux, where in both cases we have drawn columns gi, q2- 
In the first case we have an open path a^b^cd; and in the second case we have closed 
paths: o, 6c*. 
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Consider words a = ai ■ ■ ■ ap, b = bi ■ ■ ■ bg, where ai ■ ■ ■ Op, 61 ■ ■ ■ 6g G T (in par- 
ticular, both a, b might be paths in T). We write 

• a = b ii p = q and ai = 61, . . . , Op = bp] 

• a = b ii a = b or a = b*; 

• a = b ii there is a cychc permutation n E Sp such that a7r(i) ■ ■ ■ ^^^{p) = b; 

ct t 

• a = 6 if there is a cychc permutation n E Sp such that a^(i) ■ ■ ■ a^(jp) = b. 

Note that =, =, and = are equivalences. We will use similar notations for elements 
of A^T, for sets of paths, and for subsets of A^t- In the same fashion define the signs 

t ct * 

of inclusion G, G, and the sign of subtraction of sets \. As an example, if s > 6, 
then we have the following equivalence of subsets of A4t 

{12*, 3*4, 56} \ {21*} = {4*3, 56}. 

Note that 

• if a is an open path and a = b, then b is also an open path; 

ct 

• if a is a closed path and a = b, then b is also a closed path; 

t 

• if a = Qi ■■■ Qr, where Oi, . . . , G T, is an open path, then ip{a) G M.t is 
a primitive element (see Section [2] for the definition), since otherwise there is 
an 1 < / < r such that (p{ai) = (p{ai); hence a'{ = a"; on the other hand, 
a" ^ {^1,^2} and a'l G {qi,q2}] a contradiction. 

Denote by Tq the set {6 | 6 is an open path in T, (6", "b) < {b', 'b)}, where < is 

the lexicographical order on N x N introduced in Section [H Obviously, To is a set 

t * 
of representatives of open paths in T with respect to the =-equi valence, i.e., a E To 

t 

for every open path a in T, and a ^ b for all a,b E To with a ^ b. Let T^i be a set 
of representatives of closed paths in T with respect to the =-equivalence. Define 

Lp{To) = {(p{a) I a G To}m, ^{Td) = {f{a) \ a G Tci}m 
(see Section [2] for the definition of a multiset). Then the expression 

tr(T,0 = H tr(X^(„)). 
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is well defined. 

Definition (of T'^ and T). a) Let r e <S„. Permute the cells of the q2-th column of 
T by T and denote the resulting tableau by T'^. The arrows of T"^ are {a^ | a e T}, 
where ip{a^) — (p{a), (a^)" — a", (a"^)' = a', and 

"(a^) = / ^ ^2 // r^ ^ f if a' = ?2 

^ \ "a, otherwise ' ^ ' \ 'a, otherwise 

Obviously, (T"^, {Xi, . . . , X^)) is a tableau with substitution. 

b) Define the tableau with substitution (T,Xf) of dimension (rii, . . . , 
ng^+i, . . . , ^52-1, ■ ■ ■ , nm), where Xf — {Yi, . . . ,Yt) for some matrices 

Yi, . . . ,Yt for suitable t > as follows, li qi — m — 1, q2 — then T contains 

two types of arrows: 

• a, where a & T, and both a', a" ^ {qi, ^2}; 

• a, where a is an open path from To. 

In both cases the tail and the head of a coiiicides with the tail and the head^f a, 
respectively. Define t > and (p{u) ior u & T in such a way that {(p{u) \ u & T} — 
[1, t] and for all 6, c e T we have 

• the equality (fi{b) — </?(c) holds if and only if (p{b) — (p{c), 

• the inequahty (p{b) < v^(c) holds if and only if (p{b) < (p{c), 

where < is the lexicographical order on Ai fixed at the beginning of this section. 
We set Y^(a) — ^<p{a) ■ Then the tableau with substitution (T, Xf) is well defined. 

For arbitrary qi, q2 the definition of {T,Xf) is obtained analogously using an 
appropriate shift to define numbers a', a". 

For short, we will omit parentheses and use the following conventions 



for any t & Sn and a & T. 
Example 4. 1. Let T be the tableau 
qi — 2 and 52 = 3. Then T is 



a- 




b 


c- 







of dimension (2,2,2). Suppose 



where d = abd-. 
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2. Let T be the tableau 



a 


6- 










7 

C 







of dimension (3, 3, 2). Suppose qi = 1, q2 = 2, and t & S3 is the cycle (1, 2, 3). Then 
is 







7. 


-i- 













T is 



and is 



, where e = b^ac^d, h — {b'^y{a^yd'^ . In particular, T and 



T'^ are different. 



Definition (of admissibility). Let §_ e W, j_ e W, b ^ {bi,...,bp), c = 
{ci, . . . ,Cq), where 6j, Cj are primitive elements of A4t- Moreover, let bi, . . . ,bp 

t * 

be pairwise different with respect to =, i.e., bi ^ bj for i ^ j; and let ci, . . . ,Cq be 
pairwise different with respect to =. Then 7, 6, c) is called a T -quadruple. 

A T-quadruple {l3,j,b,c) is called T -admissible if for some ^ = ^p,i,h,c £ «5„ the 
following equivalences of multisets hold: 

if{T^) = { &!, ■ .j,bi^ , . . . , 6p, . . . , bp}m, ^{T^i) = {ci, . . . , ci, . . . , Cg, . . . , Cg}„. 

/3i /3p 



71 



79 



We write (/?°,7°,&^, c^) = {Pn:b,c) and say that these quadruples are equivalent if 
and only if 



{ 6°, . ^. , 6° , . . . , 5p, ■ ■ • , &p}m — { 61, . ^. , &1 , . . . , bp, . ■ . , 6p }m) 

^? /30 /^i /3p 

{ pi) ■ — ) '^l ) ■ ■ ■ ) ■ ■ ■ ) Cg}^ { ci, . ^. , Ci , . . . , Cg, ■ .J , Cg }n^. 
7? 7? ^1 T'' 

If (/3°,7°,^,c^) " (/?,7,^,c) and 7,6,c) is T-admissible, then the quadruple 
(/3°,7°,6^, c/^) also has the same property, since we can take ,70,6^^,0!^ = C/3,7,6,c- 
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Denote by Qt a set of representatives of T-admissible quadruples with respect to 
the =-equivalence. 

Theorem 3. (Decomposition formula). Let I < qi < q2 ^ rn and = = 

n. Then for a tableau with substitution (T, (Xi, . . . , Xg)) of dimension n we have 

#7 

bpf 2. (Xi , . . . , X,) = sgn(^^,^,b,c)bpf (^f %7.i>.c ) n '^^^^ ) • 

(/3,7,6,c)eQT i=i 

Neither the permutation 'C/3,7,6,c nor its sign are unique for a representative of the 

=-equivalence class of a T-admissible quadruple (/3,7,6, c). However, it follows from 
part b) of Lemmaini which is formulated below, that sgn(^^^-j,^fc_c)bpf ~«^ .^_i, ,.(X~5^^ i,^) 

does not depend on a representative of the =-equivalence class. Thus the right hand 
side of the decomposition formula is well defined. 

Sections [5], [6|, and [7] are devoted to a proof of this theorem. Since the right hand 
side of the decomposition formula is a polynomial with integer coefficients in Z, if 
the characteristic of K is zero, or in Z/pZ, if the characteristic of ii" is p > 0; it is 
enough to prove the theorem in the case K = Q. To simplify notation we assume 
that qi = m — 1, q2 = m. 

The proof is organized as follows. In Section [5] we prove Lemma H] for 
bpf?.(Xi,...,X,), which is a statement analogous to Theorem [31 The short ver- 
sion of the decomposition formula (see Theorem [2]) follows from Lemma H] in the 
case of characteristic zero. In order to prove Theorem [2] as well as Theorem [3] over 
the field of arbitrary characteristic we, working over Q, should divide the formula 
in Lemma H] by ct- This problem is solved by rewriting bpf'p(Xi, . . . ,Xs) in a 
more suitable form (see formula f|T^ in Section [6]) and by applying Lemma [TO] from 
Section [71 

5 Decomposition of bpf?.(Xi,...,X,) 

Lemma 4. Let n e N™, I < qi < q2 ^ = rig^ = n, and (T, (Xi, . . . , X^)) be 

a tableau with substitution of dimension n. Then 

bpf° (Xi, . . . ,X,) = ^ sgn(r)bpf|,(X^Otr(T,^). 

T^Sn 
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Proof. Without loss of generality we can assume that qi — m — 1, q2 — m. Define 

A = {a e T \ a' > m - 2 or a" > m - 2}. 
For fixed tti e 5„i , . . . , 7r^_2 G 5n^_2 define 

Sgn(7rm_i) Sgn(7rOT) ]^(-^<^(a))7r„//("a),7r„/('a), 

TTm — 1 1'^m G5n aeA 

h = n(-'^¥'(6))7rj„("6),7ry('6)tr(rc/)- 

We will show that 

t 

For an open path h = hi ■ ■ ■ hr E with 6i, . . . , 6^ € T numbers 'bi, . . . br-i are 
pairwise difi^erent. It is not difficult to see that 

(^<^(&))7r(,„("&),7rj,('&) = XI B{h{'bi),...,h{'br-l)), 

l<hi'bi),...,h{'br-i)<n 

where B{h{'bi), . . . , h{'br-i)) stands for 

cl 

Similarly, for a closed path c = Ci ■ ■ ■ ci E Td with Ci, . . . , q G T numbers Ci, . . . , q 
are pairwise different. Therefore 

tr(X^(,))= J] C(M'ci),...,M'q)), 

l<h('ci),...,/i('c()<n 

where C(/i('ci), . . . , h{'ci)) stands for 
Summarizing, we obtain 

n E B{h{%),...,h{%_,)) 

bi-br^To l<h{'bi),...,h{'br-i)<n 
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* n H c(M'cO,...,M'q))- 

ci-cieT^l l<h{'ci),...,h{'ci)<n 

Since elements of the set {'bi,'cj\r,l > 0,bi---br G Tq, ci---q G T^, I < i < 
r — 1, 1 < j < 1} are pairwise different and tlieir union equals [1, n], we infer 

E n B{h{'b,)---h{'br.,))C{h{'c,)---h{'ci)). 

h: [1 ,n] -+ [1 ,n] &i • • -6,. STo , ci • • -c; ST^.; 

For an a e T and a function h : [1, n] [1, n] we set: 

\ '^a'i'O'), otherwise ' 



{h,a) 



h{"a), ifa"e{qi,q2} 
TTo" ("o) , otherwise 

Recall that tti e <Sni, . . . , 7r„i_2 e »Sn^_2 have been fixed. Since (^,^(a*))(/j,at)2,(/i,at)i = 
(^¥'(a))(ft,a)2,(h,a)i all o G T, we Can rewrite fr in a form 



5Z Yl{^^{a)){h,ay,{h,a)^- 

h:[l,n]^[l,n] a&A 

Denote by H the set of functions h : [l,n] that are not bijections. Since 

bijections h : [l,n] — > [l,n] are in one to one correspondence with permutations 
from Sn, we obtain that 

Yl sgn(T)/rr 

reSn 

Denote the first and the second summands of the last expression by /i and /2, 
respectively. 

Substituting 'K^_i'Km for r and Hm-i for tt in /i we get 



/i = Y sgn(7r^_i)sgn(7r^) JJ(X<^(a) 



(nm-i,a y,{nm-i,a 

The following calculations show that (vTm-i, a'^'"-^'^'")^ = TTa'i'a). 

• If a' = ?i = m - 1, then {nm-i, a''--i'^'")^ = 7r„_i('a''--i'^'") = 7r„_i('a). 
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If a' = q2 = m, then (7r„_i, a^--i'^™)i = 7r„_i(W-i^-) = 7r^_i o nj_-^ o 



• If a' < m - 1, then (vr^.i, a"™-!'"'")^ = -Kki'a'^"^-^'^"') = iTa'i'a), where k 

In the same way we obtain (TTm-i, a'^'""^'^'")^ = TTa"{"a)- Therefore, /i = /q. 
The set if can be represented as the disjoint union H = \_\ Hpg of sets 

l<p<g<n 

Hpg = {he H\ h{p) = h{q) and h{i) ^ h{j) for every (ij) < {p, q)}, 
where < is the lexicographical order on N x N defined in Section [21 We have 

/2= J] sgn(r) JJ(X^(„))(/,,„.)2,(;,,^.)i- 

,a(P''?)°'^)2,(/i,a(J''9)°'")i I ; 

-re5„,r-l(p)<T-l(g) aeA 

where, as usual, {p,q) stands for a transposition from iS„. Compute (h, a^P''^^°'^Y for 

/l G Hpg. 

• If a' = m - 1, then (/i, a(P'«)°^)^ = /i('a) = /i(V). 

• If a' = m, then (/i, a^P^'^^°^y = ho{p,q)o r('a) = /i o r('a) = 

• If a' < m - 1, then {h,a'-P'^>^y = 7r(„(p,,)o.y('a(P''?)°^) = 7r„,('a) = 7r„,(V). 

Hence (/i, a^P'^)"^)^ = {h,a^y and, similarly, (/i, a^P''?)"^)^ = {h,a^y. This implies 
/2 = and proves ([7]). 

Rewrite bpf° (Xi, . . . , X^) in a form 

Y sgn(7ri) ■ • ■sgn(7r„_2) JJ (^¥'(a))^„,/("a),^„,('a) • /o- 

Applying ([7]), and taking into account that 

for all r G 5„ we complete the proof. □ 
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6 Coefficients 

Continuing the proof of Theorem [3] we keep the assumptions and notations from 
previous sections. The aim of this section is to prove formula (IT^ (see below). 
Let 7,&, c) be a T-admissible quadruple with #6 = p and #c = q. Denote by 
the subset of Sn containing r G 5„ if and only if 

f^iT^) = . . . , 6i, . . . , bp, . . . , bp}m and 

for some positive integers Xn, . . . , Xu^ satisfying Aii + ■ ■ ■ + Xu- = 'ji {I < i < q), 
where c^'^ stands for q ■ ■ - Cj {Xij times). Notice that ip{T^) and ^{T^i) are multisets 
(see Section Hj) . For r G iS„ we set 

5. = {vr G 5„ I ^{T:) ^ ¥,(r;), y,(T,^) ^ ^{T^,)}. 

The following properties are immediate consequences of the definitions. 

Lemma 5. 

a) For all tt, r G 5„, we /iawe 5^ = Sr or S-,, nSr = 0; 

b) r ^ Sr for all r G iS„; 

// r G Sp^j^^b^c, then Sr C 'S^.-y.b.c/ 

d) Sn = U '5^,7,6,c- 

(^,7,6,c)6Qt 

Denote by Sf3^-y^b,c a subset of Sp^^^h,c such that 

^/3_,2,b,c = I I '5,-. (8) 



re5 



The existence of Sp^-^^b^c follows from parts a), b), c) of Lemma [51 
Rewrite the coefficient ct = YVj=ii^{(^ ^ T\ip{a) = j}\ as ct 



,('?i:92)^{r-est) 



where 



Y\ i^io- £ 7" I ip{a) = j, a' > m — 2 or a" > m — 2}! and 
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^(rest) ^ -Q ^ ^ I ^(^^ ^ ^. ^/^ a" < ^ _ 2}!. 

Given r G 5„, we have Cfr = c^'^***'' c^'' , where 

i=i 

for = (Yi, . . . , y^). According to part d) of Lemma [5l for every t E Sn there is a 

unique (up to the =-equivalence) quadruple 7,6, c) G Qt such that r G Sp^^^h,c- 
Therefore 

for some partitions Aj = (Aji, . . . , Xu.) h 7,, where 1 < i < q. Denote the corre- 
sponding multi-partition by 

A(r) = (Ai, . . . , A,) h 7. (9) 



For a vector A = (Ai, . . . , A^) G define A! = AJ ■ ■ • A;! and 

c(A) = Ai ■ • ■ A, ■ J] #{1 < 2 < / 1 A, = A;}!. (10) 

fe>0 

For a multivector A = (A^, . . . , A^) with Aj G N'' we set c(A) = c(Ai) ■ ■ ■ (A^). 

t 

Definition (of the ~-equivalence) . For ai, . . . , Op, 61, . . . , 6q G T and r E Sn 

consider words a = ai ■ ■ ■ ap, b = bi ■ ■ ■ bq, and b'^ = b\- ■ ■b'^^. If a = 6, i.e., p = q and 
ai = bi, . . . ,ap = bp, then we write a b'^ and call a, 6^ equivalent. Analogously, if 

a = b OT a = b, respectively, then we write a ~ 6"^ or a ~ 6"^, respectively. We will 
also use similar notation for multisets. 

Example 5. Let T be the tableau 



a 


b- 




-ir 




/■ 


c' 




e 


/- 







of dimension (4, 4, 4). Suppose qi = 1, q2 = 2, and r G 1S4 is such a permutation that 
T; = {{d-y{a-yb-}m and Tj; = {c^ TU- Then T; ~ {d'a'bU, T,^ ~ {c/}„, and r 
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is uniquely determined by these data, namely, r is the cycle (2,4,3) (see Lemma [6] 
and its proof). In particular, T"^ is 









-i- 



















Lemma 6. Suppose 7ri,7r2 G Sn- Then tti = ^2 if and only if T^^ ~ T^^ and 

cl ~ ^cl ■ 

Proof. 1. If TTi = 7r2, then the statement of lemma is trivial. 

2. To prove the equality vri = 7r2, it is enough to show that any permutation 
r G 5„ is uniquely determined by , T^i, and T. 

For any 1 < i < n there exists an a G T, satisfying a' = q2 and 'a = i. 

There is a unique maximal path c from U T^i that contains or (a*)"^. Hence 

t t 
c = d[ - ■ ■ a\ - ■ ■ a] , where a = au for some k, and ai, . . . , G T. 

Let a = ttk- If k < I, then {al_^_-^)" = qi = a'|,_^_l by the definition, which 
imphes "al_^_l = "ak+i- Moreover, r(z) = 'a^ = "a^+i = "a^+i and "ak+i is uniquely 
determined by T. Therefore in the given case r(i) is uniquely determined by TJ", 
T^i, and T. If = /, then the path c is open. Taking ai instead of ak+i and acting 
in the same manner as in the previous case, we obtain that r(i) = "ai. 

The case of a = can be treated analogously. □ 



t t 
Lemma 7. Let a,b eT and a ^ b. 

a) Suppose a' = b' E {qi, ^2}; a" = b" G {gi, ^2}- Then for n = ("a, "b) o ('a, '6) G 

T'TT ^ rr-l I rT-i7r rri I 

b) Suppose a' = b' E {q'1,5'2}, = b" ^ {11,(12} ■ Then for the transposition 
71 = {'a, 'b) G Sn we have 

f , rf 

T'TT T"' T~'7r T"' 



■ o 
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Proof, a) Let a' = b' = qi, a" = b" = q2- Moreover, assume that 'a,"a,'b,"b 

are pairwise different. Then a,b belong to some maximal paths ao, &o in T, i.e., 

t 

= ai ■ ■ ■ 02003 ■ ■ ■ 04 and bo = bi - ■ ■ &2&&3 ■ ■ ■ ^4, where Oj, 6j G T. It is not difficult 
to see that maximal paths in T'^, containing a'^ or b'^, are aj ■ ■ ■ a^b'^a'l ■ ■ ■ a1 and 
b\ - ■ ■ b'^a'^b'^ ■ ■ ■ ^4 . The remaining maximal paths in T'^ are equivalent to paths in 
T. The claim follows. 

Other possibilities for o, b can be treated in the similar fashion. 

b) Analogous to part a). □ 

Recall that Lemma H] states that bpf5-(Xi, . . . , Xg) = J^reSn ''")' "where 

giT,T) = sgn(r)bpf?;,(X^Otr(r,^). (11) 



Lemma 8. Let r G Sn, a,b E T'^ , a^b, and (p{a) = ip{b). If a' = 6' G {q'1,5'2} o,nd 
a" = b" ^ {gi, q2}, then g{T, ('o, 'b) o r) = g{T, r). 

Proof, a) Let a' = b' = qi. For simplicity assume t = id is the identical permuta- 

t t 

tion. Consider paths u = ui - ■ -uu v mT such that om, bv G To, Ui, . . . ,ui E T and 
set k = a" = b" and ^ = ('o, '6) G iSn. There are two cases. 
Case ui ^ b^. We have 

~ [j{a^v^, b^u^} \ {on, fet;}, T« ^ T,;. 

Therefore 

= - XI sgn(7ri) • • • sgn(7r„_2) tr(TcO* 

JJ (^ip(d))7r^,,("d),vrd/('d) ■ (^¥'W)Tfc("a),7r„,('«) (^(p(f,«) )7rfc("6),7r„, ('«) " 

_ t _ 

deT, dj^au,bv 

Observe that X^(^av) = ^ifiibv) and = and substitute tt^ o {"a,"b) for tt^. 

Then tt^Co) turns into 7Tk{"b), T^kCb) turns into tt^Co), and the rest of 7rp(g) does 

not change forl<p<m — 2,gG Sn^- This proves the claim. 

t 

Case ui = b . Denote Ui ■ ■ -ui^i by w. Then awb G To and 
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Therefore 

9iT, = - 5^ sgn(7ri) ■ ■ ■ sgn(7r„_2)tr(rci)* 

7rie5nj^ ,.-->1"m-2G5n„_2 

def, d^awV 

Observe that X^p(^awm) = ^l^^awbt)- Substitution of vTfc o ("a,"b) for tt^ completes the 
proof. 

The proof for an arbitrary r is exactly the same as for r = id. 
b) The proof in the case a' = h' = q2 is analogous. □ 

Lemma 9. Suppose t E Sn- Then 

b) IfnE Sr, then g{T,7r) = g{T,T). 

Proof, a) Given 7ri,7r2 G 5^, we write (TJ^i,TJ^) ~ (TJ'^^T^'^^) and say that these 
pairs are equivalent if T^^ ~ TJ^^ and TJ^ ~ T!J^ As in Section [5] define 

A = {a eT^ \ a' > m - 2 oi a" > m - 2]. 

Let S be the set consisting of permutations vr G iS„ for which there is a bijection 
A : A — y4 satisfying 

V9(A(a)) = (y9(a) for all a e A, (12) 

(A(T;),Ara)^(T;,TJ), (13) 

where A(a) = A(a), A(a*) = A(a)* for an a G A, and A(ai • • - a;) = A(ai) ■ ■ ■ A(ai) 

t 

for ai, . . . , G A. 

Definitions of S and 5,- imply the inclusion S d Sr. On the other hand, it is not 
difficult to see that Sr d S. Thus Sr = S. 

A bijection A : A A can be considered as a permutation of A and can be 
written as a composition of transpositions on A. By Lemma U\ for every bijection 
A : A ^ A satisfying f|T2|) there exists a tt G 5„ such that f|T3l) holds. This 
and Lemma E] show that equals the number of ~-equivalence classes of pairs 
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(A(TJ'), A(TJ^)) for bijections A : A ^ A satisfying (1121) . Combinatorial argument 
completes the proof. 

b) Using the notation of part a), assume tt G 5,-. Since Sr = S, there exists a 
bijection A : A ^ A satisfying f|T2l) and f|T3|) . As in part a), for such A we construct 
TTo G Sn such that 

(A(T;),Ara)^(T:»-,Tr^) 
and TTo is a composition of permutations of types 

1. ("a,"6)o('a/6), 

2. ('a, '6), 

where a,b E T"^, </3(a) = (apply parts a), b) of Lemma[7]to T"^). Using LemmaE] 
we infer vr = ttq or. For permutations of the first type we obtain g{T, {"a, "h) o ('a/ h) o 
r) = (yf(T, r); for permutations of the second type we use Lemma [81 □ 

Now we can express bpf2-(Xi, . . . , X^) in a suitable form. By Lemma HI 
bpf7^(Xi, . . . , Xg) = ^ SrG5„ ■6'(-^' ''")■ Using Lemma [5] and notation from the be- 
ginning of this section, we obtain 



bpf^(Xi,...,X,) = ^ E Y.3iT,r). 

Lemma [9] yields 

bpfr(Xi,...,X,) 

1 J91:92) 



Let us recall that c^^ = c^'^'**''c^\ Since c^'' = /?! for tt G Si3^^^b,c we conclude 

bpf^(Xi,...,X,)= J] 5^ sgn(vr)— i-tr(r,'[)bpf^.(X^.)- (14) 



c(A(7r)) 
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7 Traces and ak 

Continue working under the same assumptions as in the previous section. 
For J E N, u= (z/i, . . . , I//) h 7 denote by G the composition of cycles 

p,, = (1,2, . . . , i/i) o (z/i + 1, . . . , i/i + z/2) o ■ ■ ■ o (z/i H h i^i-i, . . . ,7)- 

Note that sgn(p^) = (-l)^"*^. 

Let (/5,7,6, c) G Qt, ^ = ipn^hci and #7 = g. Without loss of generality we can 
assume that 

Tci = {du: • • • 5 di^i: • • • 5 dqi, dg^Jrn, where 

dij G A^T, "^(c^ii) = Q, = c^ij = 12, "dij = 'dij (15) 

for any 1 < i < q and 1 < j < 7i. There is a unique bijection (pi : [l,7j] — »• 
{'dji, . . . ,'di^-} that is a monotone increasing map, i.e., 0i(ji) < (piU^) ioi ji < j2- 

Let 5* = {vTi^i,^ o ■ ■ ■ o TCq^u^ ° ^ \ Hi ^ 1i, ■ ■ ■ , Hq ^ 1q} , whcrc the permutation 
TTi^^.. G 5„ is defined by 

^. = / ° % ° if e Im 

fc, otherwise 

Then 

• By ([9]), A(7ri^j^^ o • ■ • o Hq^j^^ o ^) = {u^, . . . , z^) is a multi-partition of 7. 

• Suppose TT, r G ^^g^^^b^c- Then 5^ = S-„ if and only if A(r) = A(7r). 

These remarks imply that Sf3^.y^h,c = Utss'^t"' h^nce without loss of generality we 
can assume that Sp^^^b,c = S (see (IE])). 
Note that 

• Since sgn(7rj j,.) = sgn(p,^.), we have the equality sgn(7ri^,^^ o ■ ■ ■ o TCq^u^ o = 
sgn(Pvi) ■ ■ ■ sgn(p^J sgn(0. 

.tr(7;:-^™-'°^) = nntr(X-0. 

i=i j=i 

• Since = r| for rj = t^i,v^ o ■ ■ ■ o T^q ,^ o ^, it is easy to see that (T'', X^,,) = 
(f«,X^,). 
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Therefore equality (fT^ yields bpf2-(Xi, . . . ,Xs) = 

*1 / 1 *- 

J2 sgn(e^,,,,,,)bpf~,,,^,,,jX~,,,^^ ^(_1)7.-#E ntr(X,7) 

(16) 

This formula together with the following well known lemma completes the proof of 
Theorem [3l 

Lemma 10. Assume K = Q. If k,n E N, < k < n, and c is an n x n matrix, 
then 



C Z/l 

lA-k ^— ^ j=l 



where c(z/) is given by [T^) . 



Applying (fT6l) for the tableau T from part 3 of Example [2] we obtain an alternative 
proof of this lemma. 

8 Corollaries 

The decomposition formula generalizes Amitsur's formula for the determinant 
(see m)- 

Corollary 11. (Amitsur). For ki + ■ ■ ■ + ks = n and n x n matrices Xi, . . . , Xs 
we have 

det,„...,fc,(Xi, . . . ,X,) = ^(-l)"+(«i+-+^.)a,,(cO ■ ■■a,^{c,), 



where the sum ranges over all =-equivalent classes of multisets 
{ci, . . . , ci, . . . , Cg, . . . , Cg}m such that 



ci, . . . ,Cq are primitive words in letters Xi, . . . ,Xs such that ci, . . . ,Cq are pair- 
wise different with respect to =; 

H deg V ci H hig deg^^ Cg = rij for anyl<j<s. 
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Proof. Consider the tableau with substitution (T, {Xi, . . . , Xs)) of dimension [n, n) 
from part 2 of Example [2] and assume 7^{a G T | V5(a) = j} = kj for any 1 < j < s. 
Then bpfj.(Xi, . . . ,Xs) = detfc^^...^fc^(Xi, . . . ,Xs) and the claim follows easily from 
the decomposition formula. □ 

Corollary 12. Let Y , Z be n x n matrices and n is even. Then pi{Y)pi{Z) = 

^^(_Xyi(degyCi+deg2Ci+l)+---+ig(degyC,+deg;jCq+l)^,^j^^^^ ■ ■ ■ CTj (Cg), 
ct 

where the sum ranges over =- equivalent classes of multisets 
{ci, . . . , ci, . . . , Cg, . . . , Cg}m such that 

h iq 

• ci,...,Cq are primitive words in letters Z, such that ci,...,Cq are 

ct 

pairwise different with respect to =; 

• words Ci, . . . , Cq are products of the words AB, where A G {F, Y*} and B G 

• ii(degy ci + degyt ci) H h «g(degy Cg + degyt Cq) = n/2, 

iiidegz ci + deg^t ci) H h iq{degz Cq + deg^t Cq) = n/2. 

Proof. Consider the tableau with substitution (T, {Y, Z)) of dimension (n, n) from 
part 4 of Example El where t = 0, r = s = n/2. Then bpfr(F, Z) = pf(r)pf(Z) and 
the formula follows from Theorem [31 □ 

Example 6. 1. Let y, Z be 2 x 2 matrices. Then 

pf(r)pf(Z) = tr(FZ*) - tr(rz). 
2. Suppose Y, Z are 4x4 matrices. Then pf(y)pf(Z) = 

a2iYZ) + (T2(rz*) - tr(rz)tr(rz*) + tr(rzrz*) + ti{YZY^z) - tr(rzr*z*). 

Remark 13. In the same manner as in CorollaryUM we can also write a formula 
for a product of two partial linearizations of pfaffians. 
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